Abstract-To every propositional logic satisfying double negation law is assigned a De Morgan poset E. Using of axioms for an universal quantifier, we set up axioms for the so-called tense operators G and H on E. The triple
INTRODUCTION
It is known that propositional logics, both classic or non-classic, does not incorporate the dimension of time. To obtain a tense logic we enrich the given propositional logic with negation by new unary operators which are usually denoted by G and H, see e.g. [3] , [9] , [10] and [5] .
It is worth noticing that the operators G and H can be considered as certain kind of modal operators which were already studied for intuitionistic calculus by D. Wijesekera [15] and in a general setting by W.B. Ewald [12] . For the logic of quantum mechanics (see e.g. [11] for details of the so-called quantum structures), the underlying algebraic structure is e.g. an orthomodular lattice or the so-called effect algebra (see [11] , [13] ) and the corresponding tense logic was treated in [6] , [7] , [14] , in a bit more general setting also in [2] .
The paper is organized as follows. After introducing several necessary algebraic concepts, we introduce tense operators in a De Morgan poset, i.e., in an arbitrary logic satisfying double negation law without regards what another logical connectives are considered. In Section II we get a simple construction of tense operators which uses lattice theoretical properties of the underlying ordered set. In the case when the underlying ordered set is not a complete lattice, we show how to apply the lattice completion for this construction. In Section III we outline the problem of a representation of dynamic De Morgan algebras and we solve it for strict dynamic De Morgan algebras. This means that we get a procedure how to construct a corresponding time frame to be in accordance with the construction from chapter II. In particular, any strict dynamic De Morgan algebra is representable in its DedekindMacNeille completion. In Section IV we show that De Morgan lattices with S5 modal operators are dynamic De Morgan algebras.
I. PRELIMINARIES AND BASIC FACTS
We refer the reader to [1] for standard definitions and notations for lattice structures.
is a lattice) with the top element 1 and the bottom element 0 (see [1] ) and is a unary operation called negation with properties a ≤ b ⇒ b ≤ a and a = a . (
In fact in a De
We then say that T is a full set of order preserving maps with respect to L. We may in this case identify A pair (f, g) of order-preserving mappings f : P 1 → P 2 and g : P 2 → P 1 between posets P 1 and P 2 is a Galois connection or an adjunction between P 1 and P 2 provided that f (x) ≤ y if and only if x ≤ g(y) for all x ∈ P 1 , y ∈ P 2 . In an adjunction (f, g) the mapping f is called the left adjoint and the mapping g is called the right adjoint. The pair (f, g) of order-preserving mappings f : P 1 → P 2 and g : P 2 → P 1 is an adjunction if and only if x ≤ g(f (x)) and f (g(y)) ≤ y for all x ∈ P 1 , y ∈ P 2 .
II. TENSE OPERATORS
The second concept which will be used are socalled tense operators. They are in certain sense quantifiers which quantify over the time dimension of the logic under consideration. These tense operators were firstly introduced as operators on Boolean algebras (see [3] for a overview). Chajda and Paseka introduced in [7] the notion of a partial dynamic effect algebra. 
where H(x ) and H(x) exist. Just defined G and H will be called tense operators of a partial dynamic De Morgan algebra D. If both G and H are total we will speak about a dynamic De Morgan algebra.
We say that a partial map
. A tense operator G that is both contractive and transitive is called a conucleus.
If
The semantical interpretation of these tense operators G and H is as follows. Consider a pair (T, ≤)
where T is a non-void set and ≤ is a partial order on T . Let x ∈ T and f (x) be a formula of a given logical calculus. We say that G f (t) is valid if for any s ≥ t the formula f (s) is valid. Analogously, H f (t) is valid if f (s) is valid for each s ≤ t. Thus the unary operators G and H constitute an algebraic counterpart of the tense operations "it is always going to be the case that" and "it has always been the case that", respectively. Similarly, the operators F and P can be considered in certain sense as existential quantifiers "it will at some time be the case that" and "it has at some time been the case that". The following result gives us new insight into mutual interrelation between the operators G and H.
Theorem II.3. Let E be a De Morgan poset, G, H : E → E mappings. Then the following conditions are equivalent: 1) (E; G, H) is a dynamic De Morgan algebra. 2) G is a mapping of E into itself satisfying
Proof: The equivalence between (P1), (P2) and (P3) on one side and between (D1) and (D2) on the other side follows from [8, Theorem 4] . (D3) is a simple rewriting of (P4).
Remark II.4. The preceding Theorem II.3 allows us to work with dynamic De Morgan algebras equipped with only one tense operator G satisfying conditions (D1)-(D3).
The remaining part follows from the preceding, interchanging G with H.
Since H is the right adjoint to F we have by (i) that
. By (iv) we get that G = F . Recall that, according to Proposition II.5, in any strict dynamic algebra, the tense operators are mutually inverse bijections.
In what follows we want to provide a meaningful procedure giving tense operators on every De Morgan poset which will be in accordance with an intuitive idea of time dependency.
By a frame (see e.g. [10] ) is meant a couple (T, R) where T is a non-void set and R is a binary relation on T . Furthermore, we will assume that for all x ∈ T there are y, z ∈ T such that zRx and xRy. The set T is considered to be a time scale, the relation R expresses a relationship "to be before" and "to be after". Having a De Morgan poset E = (E; ≤, , 0, 1) and a non-void set T , we can produce the direct power E T = (E T ; ≤, , o, j) where the relation ≤ and the operation are defined and evaluated on p, q ∈ E T componentwise, i.e.
p ≤ q if p(t) ≤ q(t) for each t ∈ T and p (t) = p(t)
for each t ∈ T . Moreover, o, j are such elements of E T that o(t) = 0 and j(t) = 1 for all t ∈ T .
Theorem II.7. Let E = (E; ≤, , 0, 1) be a De Morgan poset and let (T, R) be a frame. Then for every complete lattice M where E is a subposet of M we can define partial mappings G, H of E T into itself as follows: For all p ∈ E T , G(p) is defined iff for all s ∈ T , M {p(t); sRt} ∈ E in which case

G(p)(s) = M {p(t); sRt} = E {p(t); sRt} and for all p ∈ E T , H(p) is defined iff for all s ∈ T M {p(t); tRs} ∈ E in which case H(p)(s) = M {p(t); tRs} = E {p(t); tRs}.
If this is the case, then G, H are tense operators on E T , i.e. D = (E T ; G, H) is a partial dynamic De Morgan algebra and, for all p ∈ E
T , 
G(p ) ≤ H(p) and H(p ) ≤ G(p)
G(p)(s) = M {p(t); sRt} = E {p(t); sRt} G(p )(s) = M {p (t); sRt} = E {p (t); sRt}.
It follows that G(p )(s) = E {p (t); sRt} ≤ E {p (t); sRt} = ( E {p(t); sRt}) = G(p)(s) = G(p) (s).
Let p ∈ E T . Assume now that both G(p ) and H(p) are defined. Let s ∈ T . Then there is t ∈ T such that sRt. It follows that
G(p )(s) ≤ p (t) = p(t) ≤ H(p)(s) .
The remaining part follows analogously. Now, let us prove (b). Assume that p ∈ E T and G(p) is defined. If R is symmetric then for all s ∈ T ,
G(p)(s) = {p(u)|u ∈ T, sRu} = {p(u)|u ∈ T, uRs} = H(p)(s).
Similarly, if p ∈ E T and H(p) is defined we get that H(p)(s) = G(p)(s). It follows that G = H.
We will check (c). By bijectivity, both G(p) and H(p) are defined for all p ∈ E T . Hence D is a dynamic De Morgan algebra. Moreover,
Remark II.8. If the relation R on a non-void set T is a quasiorder, i.e. our frame is (T, ≤) with ≤ reflexive and transitive, then s ≤ t expresses the fact that t "follows" s and s "is before" t. 
III. REPRESENTATION OF PARTIAL DYNAMIC
ALGEBRAS
In Theorem II.7, we presented a construction of natural tense operators when a De Morgan poset and a frame are given. However, we can ask, for a given dynamic algebra (E; G, H), whether there exist a frame (T, R) and a complete de Morgan lattice M = (M ; ≤, , 0, 1) such that the tense operators G, H can be derived by this construction M where E is embedded into the power algebra M T . Hence, we ask, if every element p of E is in the form 
is an equivalence relation on T .
Proof:
(ii): It follows from (i) and Lemma III.1.
Theorem III.3. Let (E; G, H) be a dynamic De Morgan algebra with a full set T of morphisms into a complete De Morgan algebra L such that for all
x ∈ E and for all s ∈ T ,
Then the map i T E is an order reflecting morphism of dynamic De Morgan algebras into the complete dynamic De Morgan algebra
given by the frame (T, R G,H ) .
Moreover, if G is contractive (transitive) then G is contractive (transitive).
Proof: Recall first that since L is a complete lattice we have from Corollary II.9 that (M ; G, P ) is a complete dynamic algebra. Here Proof: Let T be the smallest set of of morphisms into L containing S such that s ∈ T implies that s • G, s • H ∈ T . Since T contains S it is again a full set of morphisms.
It is enough to verify that for all x ∈ E and for all s ∈ T , s (G(x) 
